It is shown that for the generalized rigid body certain Cartan subalgebras (called of coordinate type) of so(n) are equilibrium points for the rigid body dynamics. In the case of so(4) there are three coordinate type Cartan subalgebras which form the set of all the regular equilibria. These coordinate type Cartan subalgebras are the analogues of the three axes of equilibria for the classical rigid body in so(3). The nonlinear stability of these equilibria is studied.
Introduction
Lately there was a great deal of interest in the study of the rigid body on SO(n). The Lax formulation of the equations, the complete integrability, and the numerical integration are some of the main topics studied in several papers.
The goal of the present work is to find the analogue of the long axis-short axis stability theorem for the SO(4)-free rigid body. To do this, one needs to determine first what are the analogues the usual three axes of equilibria in the classical case. It will be shown that they are replaced by special Cartan subalgebras, that we will call coordinate type Cartan subalgebras. For the general case of SO(n) it is proved that these coordinate type Cartan subalgebras are equilibria.
If n = 4, then all the regular equilibria are of this type and they are organized in three Weyl group orbits. Furthermore, all nonregular equilibria are also found and it is shown that they form two very special Lie subalgebras of so(4).
The nonlinear stability and instability for the regular equilibria is also investigated. The results in this paper complete and extend some previous work of Fehér and Marshall [FeMar03] and Spiegler [Spi04] .
Equilibria for generalized rigid body
The equations of the rigid body on so(n) are given bẏ
where Ω ∈ so(n), M = ΩJ + JΩ with J = diag(λ i ), a constant diagonal matrix satisfying λ i + λ j ≥ 0, for all i, j = 1, . . . , n, i = j (see, for example, [Ra80] ). The right hand side of (2.1) can be written as We regard the entries of Ω = (ω ij ), ω ij = −ω ji , as the unknowns in (2.1). Sincė
we see that (2.1) is gives a full set of equations for all ω ij if and only if λ i + λ j > 0. This computation also shows that an element Ω ∈ so(n) is an equilibrium point for (2.1) if and only if [J, Ω 2 ] = 0. Assuming that J is a nonsingular matrix, this condition is equivalent to the statement that Ω 2 is a diagonal matrix. Let E ij be the constant antisymmetric matrix with 1 on line i and column j when i < j, that is, the (k, l)-entry of E ij equals (E ij ) kl = δ ki δ lj − δ kj δ li . Then {E ij | i < j} is a basis for the Lie algebra so(n). Notice that E 2 ij is the diagonal matrix whose only non-zero entries −1 occur on the ith and jth place.
Theorem 2.1. Let h ⊂ so(n) be a Cartan subalgebra whose basis is a subset of {E ij | i < j}. Then any element of h is an equilibrium point of the rigid body equations (2.1).
Proof. We have to prove that for any Ω ∈ h the matrix Ω 2 is diagonal. Let Ω ∈ h with
Since h is a Cartan subalgebra we have [E l , E p ] = 0 which is equivalent to
Consequently, the matrix E l E p is symmetric. Since E l , E p ∈ {E ij | i < j}, we distinguish the following cases:
(a) E l = E ij , E p = E js , i < j < s, in which case the product E l E p is not symmetric because the (i, s)-entry equals 1 and the (s, i)-entry vanishes.
(b) E l = E ij , E p = E sj , i < j, s < j, i = s. Then, E ij E sj is not symmetric because the (i, s)-entry equals −1 and the (s, i)-entry vanishes.
(c) E l = E ij , E p = E is , i < j, i < s, j = s. Then E ij E is is not symmetric because the (j, s)-entry equals −1 and the (s, j)-entry vanishes.
(
Thus, the only case in which the right hand side of (2.2) is symmetric is (d). This implies that
which is a diagonal matrix.
We will call a Cartan subalgebra as in Theorem 2.1 a coordinate type Cartan subalgebra. The dynamics of (2.1) leaves the adjoint orbits of SO(n) invariant. Since the intersection of a regular orbit (that is, one passing through a regular semisimple element of so(n)) with a Cartan subalgebra is a Weyl group orbit (see, e.g. [Ko73] ), we conclude that the union of the Weyl group orbits determined by the coordinate type Cartan subalgebras of so(n) are equilibria of (2.1).
The adjoint orbits of so(4)
The special orthogonal group
is a compact subgroup of the special linear Lie group SL(4, R). We choose as basis of so(4) the matrices and hence we represent so(4) as
This choice was made for computational convenience as we shall see below. Note that E 1 = −E 23 , E 2 = E 13 , E 3 = −E 12 , E 4 = E 14 , E 5 = E 24 , E 6 = E 34 . Relative to this basis, the Lie algebra structure of so(4) is given by the following table
and so the minus-Lie-Poisson structure on (so(4)) * is given by the matrix
The Ad-invariant inner product
on so(4) identifies the SO(4) adjoint and coadjoint orbits. Since rank so(4) = 2, there are two functionally independent Casimir functions which are given respectively by
Thus the generic adjoint orbits are the level sets
corresponding to regular values (c 1 , c 2 ) of the map C 1 × C 2 : so(4) × so(4) → R 2 . The Lie algebra so(4) = so(3) × so(3) is of type A 1 × A 1 and consequently the positive Weyl chamber, which is the moduli space of coadjoint (adjoint) orbits, is isomorphic to the positive quadrant in R 2 . In the basis of so(4) that we have chosen above, the positive Weyl chamber is given by the set {(c 1 , c 2 ) ∈ R 2 | c 1 ≥ |c 2 |}.
We have the following characterization of the SO(4)-adjoint orbits. Proof. Let us make now the following change of variables
and so, under the restrictions c 1 > 0 and c 1 > c 2 , the generic adjoint orbit is diffeomorphic to S 2 × S 2 . The other statements follow easily from the same system.
In all that follows we shall denote by Orb c 1 ;c 2 (Ω) the regular adjoint orbit Orb c 1 c 2 (Ω), where c 1 > 0 and c 1 > c 2 .
Using the Lie bracket table in the chosen basis given above, it is immediately seen that the coordinate type Cartan subalgebras of so(4) are t 1 , t 2 , t 3 , where
The intersection of a regular adjoint orbit and a coordinate type Cartan subalgebra has four elements which represents a Weyl orbit. Thus we expect twelve equilibria for the rigid body equations (2.1) in the case of so(4). Specifically, we have the following result.
Theorem 3.2. The following equalities hold:
where
Proof. By Cartan's theorem we have
Let Ω 1 α,β ∈ t 1 ∩ Orb c 1 ;c 2 (Ω). Then Ω 1 α,β ∈ t 1 and C 1 (Ω 1 α,β ) = c 1 and C 2 (Ω 1 α,β ) = c 2 . These conditions are equivalent to the following system of equations α 2 + β 2 = 2c 1 αβ = c 2 , which has the solutions
Similar arguments with obvious modifications prove assertions (ii) and (iii). 
4 The rigid body on so(4)
Recall that the rigid body equations on so(4) are given bẏ
where M = JΩ + ΩJ, Ω ∈ so(4), J = diag[λ 1 , λ 2 , λ 3 , λ 4 ], λ 1 , λ 2 , λ 3 , λ 4 ∈ R, λ 1 = λ 2 = λ 3 = λ 4 , and λ i + λ j > 0 for all i, j ∈ {1, 2, 3, 4}, i = j. We have seen that Ω is an equilibrium of (4.1) if and only if Ω 2 is diagonal. Let E be the set of the equilibrium points of (4.1).
Theorem 4.1. E = {t 1 } ∪ {t 2 } ∪ {t 3 } ∪ {k 1 } ∪ {k 2 }, where
Proof. The subalgebras {t 1 }, {t 2 }, and {t 3 } are the coordinate type Cartan subalgebras and are sets of equilibria by Theorem 2.1. The subalgebras {k 1 } and {k 2 } are sets of equilibria that were obtained by a straightforward computation.
It is well known that the restriction of the dynamics (4.1) to the regular adjoint orbit Orb where ω Orbc 1 ;c 2 (Ω) is the orbit symplectic structure on Orb c 1 ;c 2 (Ω) and the Hamiltonian H ∈ C ∞ (so(4), R) is given by
Let E(Orb c 1 ;c 2 (Ω)) be the set of the equilibrium states of the reduced Hamiltonian system (4.2). Then we have the following result. This result is a converse to Theorem 2.1 for the case of so(4). Thus, the equilibria of the so(4) rigid body equation on a regular orbit is precisely the union of the Weyl group orbits corresponding to the coordinate type Cartan subalgebras. All equilibria in k 1 and k 2 are singular.
Nonlinear stability
In this section we study the nonlinear stability of the equilibrium states E(Orb c 1 ;c 2 (Ω)) using Arnold's method [Arnold65] which is equivalent to Energy-Casimir method and several of its variants (see [BiPu07] for details).
Theorem 5.1. The equilibria of (4.2) have the following behavior:
all have the same sign, then the equilibrium states
are nonlinearly stable.
(ii) If λ 1 − λ 2 , λ 1 − λ 3 , λ 4 − λ 2 , λ 4 − λ 3 all have the same sign, then the equilibrium states
(iii) If λ 1 − λ 3 , λ 1 − λ 4 , λ 2 − λ 3 , λ 2 − λ 4 all have the same sign, then the equilibrium states
Proof. We prove the result only for the equilibrium state Ω 3 a,b . All the other cases can be obtained in a similar manner.
We use Arnold's method. Consider the smooth function F m,n ∈ C ∞ (so(4), R), where m, n ∈ R, F m,n (x 1 , x 2 , x 3 ,y 1 , y 2 , y 3 ) := H(x 1 , x 2 , x 3 , y 1 , y 2 , y 3 ) + mC 1 (x 1 , x 2 , x 3 , y 1 , y 2 , y 3 ) + nC 2 (x 1 , x 2 , x 3 , y 1 , y 2 , y 3 ), C 2 (x 1 , x 2 , x 3 , y 1 , y 2 , y 3 ) = x 1 y 1 + x 2 y 2 + x 3 y 3 .
Requiring dF m,n (ω 3 ) = 0, where ω 3 = (0, 0, a, 0, 0, b) (which corresponds to our equilibrium Ω 3 a,b ), we obtain
Secondly, we can easily see that
The determinants associated with all upper-left submatrices of the Hessian d 2 F m 0 ,n 0 (ω 3 )| W ×W are given by
and then our assertion follows via Arnold's theorem. The rest of the theorem follows by analogous computations.
Remark 5.1. In view of our Remark 3.1 this theorem can be formulated in the following equivalent manner. Let Ω 1 α,β [resp. Ω 2 α,β , resp. Ω 3 α,β ] be a fixed element of t 1 ∩ Orb c 1 ;c 2 (Ω) [resp. t 2 ∩ Orb c 1 ;c 2 (Ω), resp. t 3 ∩ Orb c 1 ;c 2 (Ω)], where
Then we have:
have all the same sign, then all the elements of the Weyl orbit corresponding to Ω 1 α,β are nonlinear stable equilibrium states of the reduced dynamics (4.2).
(ii) If λ 1 − λ 2 , λ 1 − λ 3 , λ 4 − λ 2 , λ 4 − λ 3 have all the same sign, then all the elements of the Weyl orbit corresponding to Ω 2 α,β are nonlinear stable equilibrium states of the reduced dynamics (4.2). (iii) If λ 1 − λ 3 , λ 1 − λ 4 , λ 2 − λ 3 , λ 2 − λ 4 have all the same sign, then all the elements of the Weyl orbit corresponding to Ω 3 α,β are nonlinear stable equilibrium states of the reduced dynamics (4.2).
The particular case of the equilibrium state Ω 3 −a,b can be found in [Spi04] .
Instability
Let us suppose now that λ 1 − λ 3 , λ 1 − λ 4 , λ 2 − λ 3 , λ 2 − λ 4 have all the same sign. Then we have the following possible arrangements for λ 1 , λ 2 , λ 3 , λ 4 : are unstable.
Proof. We give the proof only for the arrangement (i) and the equilibrium state Ω 2 a,b . All the other cases can be obtained in a similar manner.
A direct computation shows that the matrix of the linear part of our dynamics (4.2) at the equilibrium Ω 2 a,b has the following characteristic polynomial P (t) = pt 4 + qt 2 + r k , where    k = (λ 1 + λ 2 )(λ 2 + λ 3 )(λ 1 + λ 4 )(λ 3 + λ 4 ) > 0 p = (λ 1 + λ 2 )(λ 2 + λ 3 )(λ 1 + λ 4 )(λ 3 + λ 4 ) > 0 r = −(λ 1 − λ 2 )(λ 2 − λ 3 )(λ 1 − λ 4 )(λ 3 − λ 4 )(a 2 − b 2 ) 2 < 0.
If the equation pu 2 + qu + r = 0 (6.1) has no real roots, then the characteristic polynomial P (t) has at least one root with positive real part. If the equation (6.1) has real roots, then at least one will be positive (since r < 0) and so the characteristic polynomial P (t) will have a positive root. Therefore, the equilibrium state Ω 2 a,b is unstable. Remark 6.1. Similar results can be obtained when we suppose that λ 1 − λ 2 , λ 1 − λ 3 , λ 4 − λ 2 , λ 4 − λ 3 [resp. λ 1 − λ 2 , λ 1 − λ 4 , λ 3 − λ 2 , λ 3 − λ 4 ] have all the same sign.
